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Abstract
In this paper, the first five sharp upper bounds on the spectral radii of unicyclic graphs with fixed matching number are presented.
The first ten spectral radii over the class of unicyclic graphs on a given number of vertices and the first four spectral radii of unicyclic
graphs with perfect matchings are also given, respectively.
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1. Introduction
Let G = (V, E) be a simple connected graph with vertex set V = {v1, v2, . . . , vn} and edge set E . Its adjacency
matrix A(G) = (ai j ) is defined to be the n × n matrix (ai j ), where ai j = 1 if vi is adjacent to v j ; and ai j = 0,
otherwise. The spectral radius ρ(G) of a graph G is the largest eigenvalue of its adjacency matrix A(G). When G
is connected, A(G) is irreducible and by the well-known Perron–Frobenius Theorem, the spectral radius is simple
and has a unique positive unit eigenvector. We shall refer to such a unit eigenvector as the Perron vector of G. If
X = (x1, x2, . . . , xn)T is the Perron column vector of G, from A(G)X = ρ(G)X , we have
ρ(G)xi =
∑
viv j∈E
x j (1.1)
and
ρ(G) = X T A(G)X = 2
∑
vi v j∈E
1≤i< j≤n
xi x j . (1.2)
Let Y = (y1, y2, . . . , yn)T be a positive unit vector. From Theorem 4.3 of [10], we have ρ(G) ≥ Y T A(G)Y, with
equality if and only if Y is the Perron vector of the graph G.
Two distinct edges in a graph G are independent if they are not adjacent in G. A set of pairwise independent edges
of G is called a matching in G. A matching of maximum cardinality is a maximum matching in G. The cardinality
of a maximum matching of G is commonly known as its matching number, denoted by µ(G). A matching M that
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satisfies 2|M | = n = |V (G)|, is called a perfect matching of the graph G. The characteristic polynomial of G is just
det(X I − A(G)), which is denoted by Φ(G, x) or Φ(G).
Connected graphs in which the number of edges equals the number of vertices are called unicyclic graphs. A
unicyclic graph is either a cycle or a cycle with trees attached. The set of unicyclic graphs on n vertices with matching
numberµwill be denoted by Un(µ). Let U
g
n(µ) denote the set of unicyclic graphs on n vertices with matching numberµ
which contain a cycle Cg of length g. Let U3(s1, t1; s2, t2; s3, t3) be a unicyclic graph on n vertices obtained from C3 :
v1v2v3v1 by attaching si pendant edges and ti paths of length 2 together to vertex vi (i = 1, 2, 3) of C3, respectively.
Similarly, let U4(s1, t1; s2, t2; s3, t3; s4, t4) denote a unicyclic graph on n vertices obtained from C4 : v1v2v3v4v1
by attaching si pendant edges and ti paths of length 2 together to vertex vi (i = 1, 2, 3, 4) of C4, respectively. It
is easy to see that U3(s1, t1; s2, t2; 0, 0) ∼= U3(s1, t1; 0, 0, ; s2, t2) ∼= U3(0, 0; s1, t1; s2, t2). So, for convenience, we
often denote U3(s1, t1; s2, t2; 0, 0),U3(s1, t1; 0, 0; 0, 0), U4(s1, t1; s2, t2; 0, 0; 0, 0), U4(s1, t1; 0, 0; s3, t3; 0, 0) etc. by
U3(s1, t1; s2, t2), U3(s1, t1), U4(s1, t1; s2, t2), U4(s1, t1; 0, 0; s3, t3) etc., respectively.
In [2], Chang et al. gave the first two spectral radii of unicyclic graphs with perfect matchings. Recently, Yu
et al. [13] gave the first two spectral radii of unicyclic graphs with a given matching number; and Guo [5] gave the
first six spectral radii over the class of unicyclic graphs on a given number of vertices. For more results on this topic,
the reader is referred to [1,3,7,11] and the references therein. In this paper, we give the first five spectral radii of
unicyclic graphs with a given matching number and the first ten spectral radii of unicyclic graphs in terms of the
number of vertices, respectively. We also give the first four spectral radii of unicyclic graphs with perfect matchings.
2. Lemmas and results
Lemma 1 ([10]). Let e = uv be an edge of G, and let C(e) be the set of all circuits containing e. Then Φ(G) satisfies
Φ(G) = Φ(G − e)− Φ(G − u − v)− 2
∑
Z
Φ(G − V (Z)),
where the summation extends over all Z ∈ C(e).
Lemma 2 ([10]). Let v be a vertex of a graph G, let ϕ(v) be the collection of circuits containing v, and let V (Z)
denote the set of vertices in the circuit Z . Then the characteristic polynomial Φ(G) satisfies
Φ(G) = xΦ(G − v)−
∑
w
Φ(G − v − w)− 2
∑
Z∈ϕ(v)
Φ(G − V (Z)),
where the first summation extends over those vertices w adjacent to v, and the second summation extends over all
Z ∈ ϕ(v).
From Lemma 2, by a simple calculation, we have
Corollary 1. Let U3(s1, t1; s2, t2; s3, t3) be the unicyclic graph defined in Section 1, we have
Φ(U3(s1, t1; s2, t2; s3, t3)) = x s1+s2+s3−3(x2 − 1)t1+t2+t3−3
[
3∏
i=1
(x2(x2 − 1)− si (x2 − 1)− ti x2)
− x2(x2 − 1)2
3∑
i=1
(x2(x2 − 1)− si (x2 − 1)− ti x2)− 2x3(x2 − 1)3
]
.
Lemma 3 ([9]). Let G be a connected graph, and let G ′ be a proper spanning subgraph of G. Then ρ(G) > ρ(G ′)
and for x ≥ ρ(G),Φ(G ′, x) > Φ(G, x).
Let d(v) denote the degree of the vertex v of the graph G, let 4(G) denote the maximum degree of G. From
Lemma 3, we have
ρ(G) ≥ ρ(K1,4(G) ∪ (n −4(G)− 1)K1) =
√4(G).
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Lemma 4 ([8]). Let G be a connected graph on n vertices and m edges. Then
ρ(G) ≤ √2m − n + 1,
with equality if and only if G is one of the graphs: the star K1,n−1 and the complete graph Kn .
From Lemma 4, it is easy to see that if G is a unicyclic graph on n ≥ 4 vertices, then ρ(G) < √n + 1.
If v is a vertex of a graph G, let N (v) = {u : u ∈ V (G); uv ∈ E(G)}.
Lemma 5 ([12]). Let u, v be two vertices of a connected graph G. Suppose v1, v2, . . . , vs ∈ N (v) \ N (u) (1 ≤ s ≤
d(v)), v1, v2, . . . , vs are different from u and X is the Perron vector. Let G∗ be the graph obtained from G by deleting
the edges vvi and adding the edges uvi (1 ≤ i ≤ s). If xu ≥ xv , then ρ(G) < ρ(G∗).
From Lemma 5, we immediately have the following results.
Corollary 2. Let G = (V, E) be a connected graph with vertex set V = {v1, v2, . . . , vn}. Suppose that v1v2 is an
edge of G which does not lie on a circuit of length three satisfying d(v1) ≥ 2 and d(v2) ≥ 2. Let G˜ be the graph
obtained from G − v1v2 by amalgamating v1 and v2 to form a new vertex w1 together with attaching a new pendant
vertex w2 to w1. Then ρ(G˜) > ρ(G).
Corollary 3 ([4]). Let w and v be two vertices in a connected graph G and suppose that s paths
{ww1w′1, ww2w′2, . . . , wwsw′s} of length 2 are attached to G at w and t paths {vv1v′1, vv2v′2, . . . , vvtv′t } of length 2
are attached to G at v to form Gs,t . Then either
ρ(Gs+i,t−i ) > ρ(Gs,t ) (1 ≤ i ≤ t), or ρ(Gs−i,t+i ) > ρ(Gs,t ) (1 ≤ i ≤ s).
Corollary 4 ([4]). Let w and v be two vertices in a connected graph G and suppose that s paths
{ww1, ww2, . . . , wws} of length 1 are attached to G at w and t paths {vv1v′1, vv2v′2, . . . , vvtv′t } of length 2 are
attached to G at v to form Hs,t . Then either
ρ(Hs,t − ww1 − · · · − wwi + vw1 + · · · + vwi ) > ρ(Hs,t ) (1 ≤ i ≤ s),
or ρ(Hs,t − vv1 − · · · − vvi + wv1 + · · · + wvi ) > ρ(Hs,t ) (1 ≤ i ≤ t).
Corollary 5 ([4]). Let w and v be two vertices in a connected graph G and suppose that s paths
{ww1, ww2, . . . , wws} of length 1 are attached to G at w and t paths {vv1, vv2, . . . , vvt } of length 1 are attached to
G at v to form Fs,t . Then either
ρ(Fs+i,t−i ) > ρ(Fs,t ) (1 ≤ i ≤ t), or ρ(Fs−i,t+i ) > ρ(Fs,t ) (1 ≤ i ≤ s).
It is easy to show that:
µ(G0,s+t ) = µ(Gs+t,0) = µ(Gs,t )
µ(Hs,t − vv1 − · · · − vvt + wv1 + · · · + wvt ) = µ(Hs,t )
µ(Hs,t − ww1 − · · · − wws−1 + vw1 + · · · + vws−1) ≥ µ(Hs,t )
and
µ(Fs,t ) = µ(Fs,t − ww1 − · · · − wws−1 + vw1 + · · · + vws−1)
= µ(Fs,t − vv1 − · · · − vvt−1 + wv1 + · · · + wvt−1).
In [6], Hoffman et al. showed the following result:
Lemma 6. An internal path of a graph G is a sequence of vertices v1, v2, . . . , vk such that all vi are distinct (except
possibly v1 = vk), the vertex degrees d(vi ) satisfy d(v1) ≥ 3, d(v2) = · · · = d(vk−1) = 2 (unless k = 2),
d(vk) ≥ 3, vi is adjacent to vi+1, i = 1, 2, . . . , k − 1. Let Guv be the graph obtained from G by introducing a
new vertex on the edge uv of G. If uv is an edge on an internal path of G and G 6= Wn , where Wn is the tree
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graph obtained from Pn−4, a path with n − 4 vertices, by attaching two pendant vertices to each end vertex of Pn−4,
respectively. Then ρ(Guv) < ρ(G).
Corollary 6. Suppose that v1v2 · · · vk (k ≥ 3) is an internal path of the graph G(6= Wn). Let G∗ be the graph
obtained from G − vivi+1 − vi+1vi+2 (1 ≤ i ≤ k − 2) by amalgamating vi , vi+1 and vi+2 to form a new vertex w1
together with attaching a new path w1w2w3 of length 2 at w1. Then
ρ(G∗) > ρ(G) and µ(G∗) ≥ µ(G).
Proof. From Lemma 6,
ρ((G − vivi+1 − vi+1vi+2 + vivi+2) ∪ K1) > ρ(G).
Furthermore, from Corollary 2 and Lemma 3,
ρ(G∗) > ρ((G − vivi+1 − vi+1vi+2 + vivi+2) ∪ K1) > ρ(G).
Finally, we prove µ(G∗) ≥ µ(G).
Let M be a maximum matching of G. If vivi+1 ∈ M or vi+1vi+2 ∈ M, then {M − {vivi+1}} ∪ {w2w3} or
{M −{vi+1vi+2}} ∪ {w2w3} is a matching of G∗. Thus, µ(G∗) ≥ µ(G); if vivi+1 6∈ M and vi+1vi+2 6∈ M , then there
exist two edges vi u and vi+2v of G such that vi u ∈ M and vi+2v ∈ M . Thus, {M − {vi u}} ∪ {w2w3} is a matching of
G∗. Hence, µ(G∗) > µ(G), completing the proof. 
Theorem 1. Let G = (V, E) be a connected graph with vertex set V = {v1, v2, . . . , vn}. Suppose that v1v2 ∈
E(G), v1v3 ∈ E(G), v1v4 ∈ E(G), d(v3) ≥ 2, d(v4) ≥ 2, d(v1) = 3 and d(v2) = 1. Let Gv1v3 (Gv1v4) be the graph
obtained from G − v1v3 (G − v1v4) by amalgamating v1 and v3 (v4) to form a new vertex w1 (w3) together with
adding another new vertex w2 (w4) on the edge w1v2 (w3v2). If ρ(G) >
√
2+ 1 ∼= 2.414, then
(1) either ρ(Gv1v3) > ρ(G) or ρ(Gv1v4) > ρ(G);
(2) µ(Gv1v3) ≥ µ(G) and µ(Gv1v4) ≥ µ(G).
Proof. Let X = (x1, x2, . . . , xn)T be the Perron vector of G. We distinguish the following two cases:
Case 1. x3 ≥ x4. From Eq. (1.1),
ρ(G)x2 = x1 (2.1)
ρ(G)x1 = x2 + x3 + x4. (2.2)
Substituting Eq. (2.1) into Eq. (2.2),
ρ(G)x1 = x1
ρ(G)
+ x3 + x4 ≤ x1
ρ(G)
+ 2x3.
So, (
ρ(G)− 1
ρ(G)
)
x1 ≤ 2x3. (2.3)
From inequality (2.3), we have if ρ(G)− 1
ρ(G) > 2, namely, ρ(G) >
√
2+ 1, then x3 > x1.
Suppose that the vertices w1, w2, v2, v4, . . . , vn of Gv1v3 are relabelled v3, v1, v2, v4, . . . , vn , respectively. From
Eq. (1.2),
X T A(Gv1v3)X − ρ(G) = X T A(Gv1v3)X − X T A(G)X = 2x4(x3 − x1) > 0.
Thus, ρ(Gv1v3) > ρ(G).
Case 2. x4 > x3. By similar reasoning, we can prove that ρ(Gv1v4) > ρ(G), completing the proof of (1).
Now, we prove that (2) holds. Let M be a maximum matching of G. If v1v3 ∈ M , then {M − {v1v3}} ∪ {v2w2}
is a matching of Gv1v3 . So, µ(Gv1v3) ≥ µ(G). If v1v3 6∈ M , then either v1v2 ∈ M or v1v4 ∈ M . So,{M − {v1v2} − {v1v4}} ∪ {v2w2} is also a matching of Gv1v3 . Thus, µ(Gv1v3) ≥ µ(G). By similar reasoning, we
have µ(Gv1v4) ≥ µ(G), the proof is complete. 
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From Corollary 1, by a simple but tedious calculation which we omit, we have
Lemma 7. Let U3(s1, t1; s2, t2; s3, t3) be a unicyclic graph (on n vertices with matching number µ) defined in
Section 1, we have
Φ(U3(n − 2µ+ 1, µ− 2)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (3n − 4µ+ 6)x4
+ 4x3 − (3n − 5µ+ 4)x2 − 2x + n − 2µ+ 1] (2.4)
Φ(U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (4n − 5µ+ 3)x4
+ 2x3 − (4n − 7µ+ 4)x2 + n − 2µ+ 1] (2.5)
Φ(U3(n − 2µ,µ− 2; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (4n − 5µ+ 4)x4
+ 4x3 − (5n − 8µ+ 2)x2 − 2x + 2n − 4µ+ 1] (2.6)
Φ(U3(n − 2µ+ 1, µ− 3; 0, 1)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (4n − 5µ+ 4)x4
+ 4x3 − (4n − 7µ+ 5)x2 − 2x + n − 2µ+ 1] (2.7)
Φ(U3(n − 2µ,µ− 3; 2, 0; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (5n − 6µ− 1)x4
+ 2x3 − (6n − 10µ− 1)x2 + 2n − 4µ] (2.8)
Φ(U3(n − 2µ+ 1, µ− 4; 1, 1; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (5n − 6µ− 1)x4
+ 2x3 − (5n − 9µ+ 4)x2 + n − 2µ+ 1] (2.9)
Φ(U3(n − 2µ− 1, µ− 2; 2, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (5n − 6µ)x4
+ 4x3 − (7n − 11µ− 4)x2 − 2x + 3n − 6µ− 1] (n > 2µ) (2.10)
Φ(U3(0, µ− 1)) = (x2 − 1)µ−4[x9 − (µ+ 5)x7 − 2x6 + (3µ+ 9)x5 + 6x4
− (3µ+ 7)x3 − 6x2 + (µ+ 2)x + 2] (n = 2µ+ 1) (2.11)
Φ(U3(0, µ− 2; 1, 0; 1, 0)) = x(x2 − 1)µ−4[x8 − (µ+ 5)x6 − 2x5 + (4µ+ 6)x4 + 4x3
− (4µ+ 3)x2 − 2x + µ+ 1] (n = 2µ+ 1) (2.12)
Φ(U3(s, 0; n − s − 3, 0)) = xn−4(x2 − s − 1)(x2 − n + s + 3)− xn−4(x2 − s)− xn−2 − 2xn−3 (2.13)
Φ(U4(n − 2µ+ 1, µ− 3; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 + (4n − 5µ+ 2)x4
− (4n − 7µ+ 3)x2 + n − 2µ+ 1] (2.14)
Φ(U4(n − 2µ,µ− 2)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 + (4n − 5µ+ 3)x4
− (5n − 8µ)x2 + 2n − 4µ] (2.15)
Φ(U4(n − 2µ+ 1, µ− 4; 1, 0; 1, 0; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 + (5n − 6µ− 2)x4
− (5n − 9µ+ 4)x2 + n − 2µ+ 1] (µ ≥ 4). (2.16)
Corollary 7. For µ ≥ 3 and n ≥ 11, we have
(1)
ρ(U3(n − 2µ+ 1, µ− 2)) > ρ(U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0))
> ρ(U3(n − 2µ,µ− 2; 1, 0)) > ρ(U3(n − 2µ+ 1, µ− 3; 0, 1))
> max{ρ(U3(n − 2µ,µ− 3; 2, 0; 1, 0)), ρ(U3(n − 2µ− 1, µ− 2; 2, 0)),
ρ(U3(0, µ− 2; 1, 0; 1, 0)), ρ(U3(n − 2µ+ 1, µ− 4; 1, 1; 1, 0)) (µ ≥ 4)}.
(2)
ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)) > max{ρ(U4(n − 2µ,µ− 2)) (µ ≥ 3),
ρ(U4(n − 2µ+ 1, µ− 4; 1, 0; 1, 0; 1, 0)) (µ ≥ 4)}.
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(3) ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)) > ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)).
Proof. From Eqs. (2.4) and (2.5), we have for x ≥ ρ(U3(n − 2µ + 1, µ − 2)) ≥ √∆(U3(n − 2µ+ 1, µ− 2)) =√
n − µ+ 1 > 2 (n ≥ 8),
Φ(U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0))− Φ(U3(n − 2µ+ 1, µ− 2))
= xn−2µ(x2 − 1)µ−4[(n − µ− 3)x4 − 2x3 − (n − 2µ)x2 + 2x]
> xn−2µ(x2 − 1)µ−4[(3n − 2µ− 16)x2 + 2x]
≥ xn−2µ(x2 − 1)µ−4[(2n − 16)x2 + 2x]
> 0 (n ≥ 8).
Thus, we have for n ≥ 8
ρ(U3(n − 2µ+ 1, µ− 2)) > ρ(U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0)).
From Eqs. (2.5) and (2.6); (2.6) and (2.7); (2.7) and (2.8); (2.7) and (2.10); (2.7) and (2.12); (2.7) and (2.9); (2.14)
and (2.15); (2.14) and (2.16); (2.7) and (2.14), respectively, by reasoning similarly as above, the remainder follows.

Let U ′3(n − 2µ,µ − 2) be a unicyclic graph on n vertices and matching number µ (≥3) obtained from
U3(n − 2µ,µ − 2) by attaching a new pendant edge at vertex v, where v is some vertex of U3(n − 2µ,µ − 2)
with degree 2 which does not lie on the cycle C3. It is easy to see that n 6= 2µ.
Lemma 8. For n 6= 2µ, we have
(1) ρ(U ′3(n − 2µ,µ− 2)) > ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)) for n ≥ 29.
In particular, if µ = 3, then ρ(U ′3(n − 2µ,µ− 2)) > ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)) for n ≥ 15.
(2) ρ(U3(0, µ− 1)) < ρ(U ′3(n − 2µ,µ− 2)) < ρ(U3(n − 2µ,µ− 2; 1, 0)) for n ≥ 11.
Proof. From Lemma 2, we have
Φ(U ′3(n − 2µ,µ− 2)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (4n − 5µ+ 4)x4
+ 6x3 − (5n − 8µ+ 1)x2 − 4x + 2n − 4µ]. (2.17)
For
√
n − µ ≤ x < √n + 1, we have from Eqs. (2.7) and (2.17) that
Φ(U3(n − 2µ+ 1, µ− 3; 0, 1))− Φ(U ′3(n − 2µ,µ− 2))
= xn−2µ(x2 − 1)µ−4[(n − µ− 4)x2 + 2x − 2x3 − n + 2µ+ 1]
= xn−2µ(x2 − 1)µ−4[(n − µ− 4− 2x)x2 + 2x − n + 2µ+ 1].
Note that for n ≥ 29,
n − µ− 4− 2x > n − n − 1
2
− 4− 2√n + 1 = n − 7
2
− 2√n + 1 > 0.
So, we have
Φ(U3(n − 2µ+ 1, µ− 3; 0, 1))− Φ(U ′3(n − 2µ,µ− 2))
> xn−2µ(x2 − 1)µ−4(n − µ− 4− 2x + 2x − n + 2µ+ 1)
= xn−2µ(x2 − 1)µ−4(µ− 3) ≥ 0.
Thus, we have for n ≥ 29,
ρ(U ′3(n − 2µ,µ− 2)) > ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
If µ = 3, then for n ≥ 15,
n − µ− 4− 2x = n − 7− 2x > n − 7− 2√n + 1 ≥ 0.
By reasoning similarly as above, (1) follows.
From Eqs. (2.6), (2.11) and (2.17), it is easy to show that (2) holds. The proof is complete. 
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Let U ′3(1, 0) be the unicyclic graph on n vertices and matching number µ obtained from U3(1, 0) by attaching
µ− 2 paths of length 2 at the pendant vertex. It is easy to see that n = 2µ, that is, U ′3(1, 0) has a perfect matching.
Let U ′3(1, 0; 1, 0; 1, 0) be the unicyclic graph on n vertices and matching number µ obtained from
U3(1, 0; 1, 0; 1, 0) by attaching n − 2µ pendant edges and µ− 3 paths of length 2 together at some pendant vertex.
Let U ′3(n− 2µ,µ− 3; 1, 0; 1, 0) be the unicyclic graph on n vertices and matching number µ (≥4) obtained from
U3(n − 2µ,µ− 3; 1, 0; 1, 0) by attaching a pendant edge at some vertex with degree 2. It is easy to see that n 6= 2µ.
Let U ′3(n − 2µ − 1, µ − 2; 1, 0) be the unicyclic graph on n vertices and matching number µ obtained from
U3(n− 2µ− 1, µ− 2; 1, 0) by attaching a pendant edge at some vertex with degree 2 which does not lie on the cycle.
It is easy to see that n 6= 2µ.
Lemma 9. For µ ≥ 3 and n ≥ 11, we have
ρ(U3(n − 2µ + 1, µ − 3; 0, 1)) > max{ρ(U ′3(1, 0)), ρ(U ′3(1, 0; 1, 0; 1, 0)), ρ(U ′3(n − 2µ,µ − 3; 1, 0; 1, 0)),
ρ(U ′3(n − 2µ− 1, µ− 2; 1, 0))}.
Proof. From Lemma 2, we have
Φ(U ′3(1, 0)) = (x2 − 1)µ−4[x8 − (µ+ 4)x6 − 2x5 + (4µ+ 2)x4
+ 2µx3 − 3µx2 − (2µ− 2)x + 1] (2.18)
Φ(U ′3(1, 0; 1, 0; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (6n − 7µ− 3)x4
+ 2(n − µ− 2)x3 − (8n − 13µ− 2)x2 − 2(n − 2µ)x + 3n − 6µ+ 1] (2.19)
Φ(U ′3(n − 2µ,µ− 3; 1, 0; 1, 0)) = xn−2µ(x2 − 1)µ−5[x10 − (n − µ+ 5)x8 − 2x7 + (6n − 7µ+ 4)x6
+ 6x5 − (12n − 17µ− 5)x4 − 4x3 + (9n − 16µ− 1)x2 − 2n + 4µ] (2.20)
Φ(U ′3(n − 2µ− 1, µ− 2; 1, 0)) = xn−2µ(x2 − 1)µ−4[x8 − (n − µ+ 4)x6 − 2x5 + (5n − 6µ+ 1)x4
+ 6x3 − (8n − 12µ− 7)x2 − 4x + 4n − 8µ− 2]. (2.21)
From Eqs. (2.7) and (2.18); (2.7) and (2.19); (2.7) and (2.20); (2.7) and (2.21), respectively, the result follows. 
Suppose that v1u is a pendant edge of the unicyclic graph U3(s1 + 1, t1) and v1 lies on the cycle C3 : v1v2v3v1.
Let U3(s1 + 1, t1) ∗ (s2, t2) be the unicyclic graph on n vertices and matching number µ obtained from U3(s1 + 1, t1)
by attaching s2 pendant edges {uw1, uw2, . . . , uws2} of length 1 and t2 paths {uu1u′1, uu2u′2, . . . , uut2u′t2} of length
2 at vertex u and either s2 ≥ 2 or t2 ≥ 1. Let
U¯3(s1 + 1, t1) ∗ (s2, t2) = U3(s1 + 1, t1) ∗ (s2, t2)− uu1 − · · · − uut2 − uw1 − · · ·
− uws2−1 + v2u1 + · · · + v2ut2 + v2w1 + · · · + v2ws2−1.
It is easy to see that
µ(U3(s1 + 1, t1) ∗ (s2, t2)) ≤ µ(U¯3(s1 + 1, t1) ∗ (s2, t2))
and if s2 ≥ 1, then
U¯3(s1 + 1, t1) ∗ (s2, t2) ∼= U3(s1, t1 + 1; s2 − 1, t2);
if s2 = 0, then
U¯3(s1 + 1, t1) ∗ (s2, t2) ∼= U3(s1 + 1, t1; 0, t2).
Let Ts,t be a tree obtained from an isolated vertex v by attaching s pendant edges and t paths of length 2 together
at v. It is easy to see that |V (Ts,t )| = s + 2t + 1 and from Lemma 2, we have
Φ(Ts,t ) = x s+1(x2 − 1)t − sx s−1(x2 − 1)t − t x s+1(x2 − 1)t−1
= x s−1(x2 − 1)t−1(x4 − (s + t + 1)x2 + s). (2.22)
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Lemma 10. Suppose that either s2 ≥ 2 or t2 ≥ 1.
(1) If s2 ≥ 1, then ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < ρ(U3(s1, t1 + 1; s2 − 1, t2)).
(2) If s2 = 0, then ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < ρ(U3(s1 + 1, t1; 0, t2)).
Proof. We first prove that (1) is true. Taking v = v1 in Lemma 2, we have for s2 ≥ 1 and x ≥
√
2,
Φ(U3(s1 + 1, t1) ∗ (s2, t2))− Φ(U¯3(s1 + 1, t1) ∗ (s2, t2))
= 2x s1+s2−1(x2 − 1)t1+t2+1 + x s1(x2 − 1)t1+1Φ(Ts2−1,t2)
−x s1+1(x2 − 1)t1Φ(Ts2,t2)− 2x s1(x2 − 1)t1Φ(Ts2,t2)
= x s1+s2−2(x2 − 1)t1+t2−1[(s2 − 1)(x2 − 1)(2x + 1)+ t2x2 + 2t2x3]
> 0,
for either s2 ≥ 2 or t2 ≥ 1.
Thus, we have
ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < ρ(U¯3(s1 + 1, t1) ∗ (s2, t2))
= ρ(U3(s1, t1 + 1; s2 − 1, t2)).
The proof of (1) is complete.
Next, we prove that (2) is true. If s2 = 0 then t2 ≥ 1. From Lemma 1, we have
Φ(U3(s1 + 1, t1) ∗ (0, t2)) = (x2 − 1)t2Φ(U3(s1 + 1, t1))− t2x(x2 − 1)t2−1Φ(U3(s1, t1)).
Φ(U3(s1 + 1, t1; 0, t2)) = (x2 − 1)t2Φ(U3(s1 + 1, t1))− t2x(x2 − 1)t2−1Φ(Ts1+2,t1).
Thus, we have
Φ(U3(s1 + 1, t1) ∗ (0, t2))− Φ(U3(s1 + 1, t1; 0, t2)) = t2x(x2 − 1)t2−1[Φ(Ts1+2,t1)− Φ(U3(s1, t1))].
Since Ts1+2,t1 is a proper spanning subgraph of U3(s1, t1), from Lemma 3, we have
Φ(Ts1+2,t1)− Φ(U3(s1, t1)) > 0,
for x ≥ ρ(U3(s1, t1)).
Thus, we have for x ≥ ρ(U3(s1, t1)),
Φ(U3(s1 + 1, t1) ∗ (0, t2))− Φ(U3(s1 + 1, t1; 0, t2)) > 0.
The proof of (2) is complete. 
Theorem 2. Let uv be a pendant edge of a graph G1, d(v) = 1, d(u) ≥ 2 and G1 6= P3. Suppose that s paths
{vw1, vw2, . . . , vws} of length 1 and t paths {vv1v′1, vv2v′2, . . . , vvtv′t } of length 2 are attached to G1 at v to form
Ls,t . Let
Ms−1,t+1 = Ls,t − vv1 − · · · − vvt − vw1 − · · · − vws−1 + uv1 + · · · + uvt + uw1 + · · · + uws−1.
Then, we have
(1) ρ(Ms−1,t+1) > ρ(Ls,t ), (s ≥ 2 or t ≥ 1);
(2) µ(L0,t ) = µ(M−1,t+1) and µ(Ls,t ) ≤ µ(Ms−1,t+1), (s ≥ 1).
Proof. Firstly, we prove that the result holds for s = 0, t ≥ 1. Since M−1,t+1 (t ≥ 1) can also be obtained from L0,t
by identifying u and v with subsequent removal of the loop, and adding a new pendant edge at this new vertex, it is
easy to show that µ(M−1,t+1) = µ(L0,t ) and from Corollary 2, we have ρ(M−1,t+1) > ρ(L0,t ), (t ≥ 1).
Secondly, we prove that the result holds for s ≥ 1, t ≥ 1 and s ≥ 2, respectively.
In order to prove that (1) holds, we consider the characteristic polynomials Φ(Ms−1,t+1) and Φ(Ls,t ) of the graphs
Ms−1,t+1 and Ls,t , respectively.
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From Lemma 1,
Φ(Ls,t ) = Φ(Ls,t − uv)− Φ(Ls,t − u − v)
= Φ(G1 − v)Φ(Ts,t )− Φ(G1 − u − v)x s(x2 − 1)t
= x s−1(x2 − 1)t−1(x4 − (s + t + 1)x2 + s)Φ(G1 − v)− x s(x2 − 1)tΦ(G1 − u − v) (2.23)
Φ(Ms−1,t+1) = Φ(Ms−1,t+1 − uw1)− Φ(Ms−1,t+1 − u − w1)
= xΦ(Ms−2,t+1)− x s−2(x2 − 1)t+1Φ(G1 − u − v)
= · · · · · ·
= −(s − 1)x s−2(x2 − 1)t+1Φ(G1 − u − v)+ x s−1Φ(M0,t+1), (s ≥ 1) (2.24)
Φ(M0,t+1) = Φ(M0,t+1 − uv1)− Φ(M0,t+1 − u − v1)
= (x2 − 1)Φ(M0,t )− x(x2 − 1)tΦ(G1 − u − v)
= · · · · · ·
= (x2 − 1)t+1Φ(G1 − v)− (t + 1)x(x2 − 1)tΦ(G1 − u − v). (2.25)
Substituting Eq. (2.25) into Eq. (2.24),
Φ(Ms−1,t+1) = x s−1(x2 − 1)t+1Φ(G1 − v)− (t + 1)x s(x2 − 1)tΦ(G1 − u − v)
− (s − 1)x s−2(x2 − 1)t+1Φ(G1 − u − v)
= x s−1(x2 − 1)t+1Φ(G1 − v)− x s−2(x2 − 1)t (sx2 + t x2 − s + 1)Φ(G1 − u − v) (2.26)
From Eqs. (2.23) and (2.26),
Φ(Ls,t )− Φ(Ms−1,t+1) = x s−1(x2 − 1)t−1((1− s − t)x2 + s − 1)Φ(G1 − v)
− x s−2(x2 − 1)t ((1− s − t)x2 + s − 1)Φ(G1 − u − v)
= −x s−2(x2 − 1)t−1((s + t − 1)x2 − s + 1)(xΦ(G1 − v)
− (x2 − 1)Φ(G1 − u − v)) (2.27)
From Lemma 2,
Φ(G1 − v) = xΦ(G1 − v − u)−
∑
uw∈E(G)
w 6=v
Φ(G1 − v − u − w)− 2
∑
Z∈ϕ(u)
Φ(G1 − V (Z)− v). (2.28)
For any vertex w (w 6= v) which is adjacent to u, (G1 − v − u − w) ∪ K1 is a spanning subgraph of G1 − v − u.
We have from Lemma 3 that for x ≥ ρ(G1 − v − u),
xΦ(G1 − v − u − w) ≥ Φ(G1 − v − u), (2.29)
with the equality if and only if (G1 − v − u − w) ∪ K1 ∼= G1 − v − u.
Substituting Eq. (2.28) into Eq. (2.27), we have
Φ(Ls,t )− Φ(Ms−1,t+1) = −x s−2(x2 − 1)t−1((s + t − 1)x2 − s + 1)(Φ(G1 − v − u)
− x
∑
uw∈E(G)
w 6=v
Φ(G1 − u − v − w)− 2x
∑
Z∈ϕ(u)
Φ(G1 − V (Z)− v)).
Since d(u) ≥ 2 and G1 6= P3, combined with inequality (2.29), then
Φ(G1 − v − u)− x
∑
uw∈E(G)
w 6=v
Φ(G1 − u − v − w)− 2x
∑
Z∈ϕ(u)
Φ(G1 − V (Z)− v) < 0,
for x ≥ ρ(G1 − v − u). So,
Φ(Ls,t )− Φ(Ms−1,t+1) > 0, (t ≥ 1 or s ≥ 2),
for x ≥ ρ(G1 − v − u).
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Thus, we complete the proof of (1).
In the end, let us prove that µ(Ls,t ) ≤ µ(Ms−1,t+1) for s ≥ 1.
Let M be a maximum matching of Ls,t . If uv ∈ M, then {M − {uv}} ∪ {vwt } is a matching of Ms−1,t+1. So,
µ(Ls,t ) ≤ µ(Ms−1,t+1). If uv 6∈ M , then there exists some edge vwi (1 ≤ i ≤ t) of Ls,t such that vwi ∈ M . Without
loss of generality, we suppose that vwt ∈ M . Then M is also a matching of Ms−1,t+1. Thus, µ(Ls,t ) ≤ µ(Ms−1,t+1).
The proof is complete. 
Theorem 3. For any unicyclic graph G ∈ U gn(µ) (g ≥ 4, µ ≥ 3, n ≥ 11), we have
ρ(G) ≤ ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)),
with equality if and only if G ∼= U4(n − 2µ+ 1, µ− 3; 1, 0).
Proof. From Lemma 3 and the table of [3], it is easy to see that for n ≥ 10,
ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)) > ρ(U4(2, 1)) ≈ 2.4812 >
√
2+ 1.
So, in the following, we can suppose that ρ(G) >
√
2 + 1, µ(G) ≥ 3 and n ≥ 11. Let Ug,i, j be the unicyclic
graph on n vertices obtained from Cg by attaching i pendant edges and j paths of length 2 at one vertex of Cg , and
every other vertex of Cg is attached at most one pendant edge. We have from Corollaries 3–5 and Theorem 2 that
there exists some unicyclic graph Ug,i, j such that ρ(G) ≤ ρ(Ug,i, j ), with equality if and only if G ∼= Ug,i, j , and
µ(G) ≤ µ(Ug,i, j ), n = |V (G)| = |V (Ug,i, j )|.
Applying Theorem 1, Corollaries 2–4 and 6 to Ug,i, j , we conclude that there exists a unicyclic graph U∗ which is
isomorphic to one of the following graphs
U4(n − 2µ+ 1, µ− 3; 1, 0), U4(n − 2µ,µ− 2),
U4(n − 2µ+ 1, µ− 4; 1, 0; 1, 0; 1, 0) (µ ≥ 4),
U4(n − 2µ− 1, µ− 2; 0, 0; 1, 0), U4(n − 2µ,µ− 3; 1, 0; 1, 0),
U4(n − 2µ,µ− 3; 1, 0; 0, 0; 1, 0) (n 6= 2µ),
such that ρ(U∗) ≥ ρ(Ug,i, j ), with the equality if and only if U∗ ∼= Ug,i, j , and
µ(U∗) ≥ µ(Ug,i, j ) ≥ µ(G) = µ.
In the following, we need to prove that
ρ(U∗) ≤ ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)),
with equality if and only if U∗ ∼= U4(n − 2µ+ 1, µ− 3; 1, 0).
If U∗ ∼= U4(n − 2µ,µ − 2) or U4(n − 2µ + 1, µ − 4; 1, 0; 1, 0; 1, 0), then from (2) of Corollary 7, the result
follows.
If U∗ ∼= U4(n − 2µ− 1, µ− 2; 0, 0; 1, 0), then from Lemma 5, we have
ρ(U4(n − 2µ− 1, µ− 2; 0, 0; 1, 0)) < ρ(U4(n − 2µ,µ− 2)).
From (2) of Corollary 7, the result follows.
If U∗ ∼= U4(n − 2µ,µ − 3; 1, 0; 1, 0) or U4(n − 2µ,µ − 3; 1, 0; 0, 0; 1, 0) (n 6= 2µ), then from Lemma 5, we
have
ρ(U∗) < ρ(U4(n − 2µ+ 1, µ− 3; 1, 0)).
The proof is complete. 
Corollary 8. For any unicyclic graph G ∈ U gn(µ) (g ≥ 4, µ ≥ 3, n ≥ 11), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)) (n ≥ 11).
Proof. From (3) of Corollary 7 and Theorem 3, the result follows. 
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Let U 3T be the set of unicyclic graphs on n vertices with matching number µ obtained from C3 and some tree T
with at least two vertices by identifying a vertex of C3 and a vertex of T .
Let U 3T1,T2 be the set of unicyclic graphs on n vertices with matching number µ obtained from C3 and two trees
T1 (|V (T1)| ≥ 2) and T2 (|V (T2)| ≥ 2) by attaching T1 at one vertex and T2 at another vertex of C3.
Let U 3T1,T2,T3 be the set of unicyclic graphs on n vertices with matching number µ obtained from C3 : v1v2v3v1
and three trees T1 (|V (T1)| ≥ 2), T2 (|V (T2)| ≥ 2) and T3 (|V (T3)| ≥ 2) by attaching Ti at vertex vi (i = 1, 2, 3) of
C3, respectively.
Lemma 11. Let G be a unicyclic graph on n ≥ 11 vertices with matching number µ(≥3).
(1) If G ∈ U 3T and G 6= U3(n − 2µ + 1, µ − 2), then ρ(G) ≤ ρ(U ′3(n − 2µ,µ − 2)), with equality if and only if
G ∼= U ′3(n − 2µ,µ− 2).
(2) If G ∈ U 3T and G 6= U3(n − 2µ+ 1, µ− 2), U ′3(n − 2µ,µ− 2) and U3(0, µ− 1), then
ρ(G) < ρ(U (n − 2µ+ 1, µ− 3; 0, 1)).
Proof. We first suppose that G 6∼= U3(0, µ−1). Since G ∈ U 3T and G 6= U3(n−2µ+1, µ−2), then from Theorem 2
and Corollary 2, we conclude that there exists some graph U3(s1 + 1, t1) ∗ (s2, t2) satisfying either s2 ≥ 2 or t2 ≥ 1
such that
ρ(G) ≤ ρ(U3(s1 + 1, t1) ∗ (s2, t2)), (2.30)
with equality if and only if G ∼= U3(s1 + 1, t1) ∗ (s2, t2).
We distinguish the following two cases.
Case 1. t2 6= 0. If s2 6= 0, then from Lemmas 5 and 10, we have
ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)). (2.31)
Thus, from Eqs. (2.30) and (2.31), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
If s2 = 0, we distinguish the following two subcases.
Subcase 1.1. s1 6= 0 or t1 6= 0. From (2) of Lemma 10 and Corollaries 3–4 (or Lemma 5), we have
ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < max{ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)), ρ(U3(n − 2µ− 1, µ− 2; 2, 0))}.
From (1) of Corollary 7 and Eq. (2.30), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
Subcase 1.2. s1 = t1 = 0. Then
U3(s1 + 1, t1) ∗ (s2, t2) ∼= U ′3(1, 0).
From Lemma 9 and Eq. (2.30), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
Case 2. t2 = 0. Then s2 ≥ 2.
If s2 = 2 and s1 6= 0, then U3(s1 + 1, t1) ∗ (s2, t2) ∼= U ′3(n − 2µ,µ− 2).
From Eq. (2.30), we have ρ(G) ≤ ρ(U ′3(n − 2µ,µ− 2)), with equality if and only if G ∼= U ′3(n − 2µ,µ− 2).
If s2 = 2 and s1 = 0 (implies that n = 2µ+ 2), then by reasoning similar to that of Lemma 10, we have
ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < ρ(U3(n − 2µ− 1, µ− 2; 2, 0)).
From (1) of Corollary 7 and Eq. (2.30), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
If s2 ≥ 3, then from Lemmas 10 and 5, we have
ρ(U3(s1 + 1, t1) ∗ (s2, t2)) < max{ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)), ρ(U3(n − 2µ− 1, µ− 2; 2, 0))}.
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From (1) of Corollary 7 and Eq. (2.30), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
Finally, we consider the case G ∼= U3(0, µ− 1). From (2) of Lemma 8, we have ρ(G) < ρ(U ′3(n − 2µ,µ− 2)).
The proof is complete. 
Suppose that v1v′1 is a pendant edge of the unicyclic graph U3(s1+1, t1) and v1 lies on the cycle C3 : v1v2v3v1. Let
U3(s1 + 1, t1; 1, 0) ∗ (s2, t2) be a unicyclic graph on n vertices with matching number µ obtained from U3(s1 + 1, t1)
by attaching s2 pendant edges and t2 paths of length 2 at vertex v′1 together with a pendant edge v2v′2 at another vertex
v2 and either s2 ≥ 2 or t2 ≥ 1.
Lemma 12. Let G be a unicyclic graph on n ≥ 11 vertices with matching number µ(≥3). If G ∈ U 3T1,T2 and
G 6= U3(n − 2µ,µ− 2; 1, 0), then
ρ(G) ≤ ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)),
with equality if and only if G ∼= U3(n − 2µ+ 1, µ− 3; 0, 1).
Proof. Without loss of generality, we distinguish the following two cases.
Case 1. Either T1 ∼= P2 or T2 ∼= P2. Since G 6= U3(n − 2µ,µ − 2; 1, 0), from Theorem 2 and Corollary 2, we
conclude that there exists some unicyclic graph U3(s1 + 1, t1; 1, 0) ∗ (s2, t2) (either s2 ≥ 2 or t2 ≥ 1) such that
ρ(G) ≤ ρ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)), (2.32)
with equality if and only if G ∼= U3(s1 + 1, t1; 1, 0) ∗ (s2, t2).
Note that
µ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)) = µ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)− v2v′2 + v1v′2).
We have from Lemma 5 that
ρ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)) < ρ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)− v2v′2 + v1v′2).
If U3(s1+1, t1; 1, 0)∗(s2, t2)−v2v′2+v1v′2 6∼= U ′3(n−2µ,µ−2), then by reasoning similarly as that of Lemma 11,
we have
ρ(U3(s1 + 1, t1; 1, 0) ∗ (s2, t2)) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)). (2.33)
From Eqs. (2.32) and (2.33), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
If U3(s1 + 1, t1; 1, 0) ∗ (s2, t2) − v2v′2 + v1v′2 ∼= U ′3(n − 2µ,µ − 2), then U3(s1 + 1, t1; 1, 0) ∗ (s2, t2) ∼=
U ′3(n − 2µ− 1, µ− 2; 1, 0), from Lemma 9, the result follows.
Case 2. Neither T1 ∼= P2 or T2 ∼= P2. From Theorem 2 and Corollary 2, there exists some unicyclic graph
U3(s1, t1; s2, t2) (si + 2ti ≥ 2, i = 1, 2) on n vertices with matching number µ such that
ρ(G) ≤ ρ(U3(s1, t1; s2, t2)), (2.34)
with equality if and only if G ∼= U3(s1, t1; s2, t2).
If U3(s1, t1; s2, t2) 6∼= U3(n − 2µ+ 1, µ− 3; 0, 1), then from Lemma 5, we have
ρ(U3(s1, t1; s2, t2)) < max{ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)), ρ(U3(n − 2µ− 1, µ− 2; 2, 0))}.
From (1) of Corollary 7 and Eq. (2.34), we have
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
The proof is complete. 
Suppose that v1v′1 is a pendant edge of the unicyclic graph U3(s1 + 1, t1) and v1 lies on the cycle C3 : v1v2v3v1.
Let U3(s1 + 1, t1; 1, 0; 1, 0) ∗ (s2, t2) (,H1) be a unicyclic graph on n vertices with matching number µ obtained
from U3(s1 + 1, t1) by attaching s2 pendant edges and t2 paths of length 2 at vertex v′1 together with two pendant
edges v2v′2 and v3v′3 at vertices v2 and v3, respectively, and either s2 ≥ 2 or t2 ≥ 1.
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Lemma 13. Let G be a unicyclic graph on n ≥ 11 vertices with matching number µ (≥3). If G ∈ U 3T1,T2,T3 and
G 6∼= U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0), then
ρ(G) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
Proof. Without loss of generality, we distinguish the following two cases.
Case 1. There exist two trees, say T1 and T2, such that T1 ∼= T2 ∼= P2. From (1) of Corollary 7, we can assume that
G 6∼= U3(0, µ − 2; 1, 0; 1, 0). From Theorem 2 and Corollary 2, we conclude that there exists some unicyclic graph
H1 such that
ρ(G) ≤ ρ(H1), (2.35)
with equality if and only if G ∼= H1.
We distinguish the following two subcases.
Subcase 1.1. s1 + t1 ≥ 1. Let
H2 = H1 − v2v′2 − v3v′3 + v1v′2 + v′2v′3.
It is easy to see that µ(H1) = µ(H2). In the following, we prove that ρ(H2) > ρ(H1).
Consider the characteristic polynomials Φ(H2) and Φ(H1) of the graphs H2 and H1, respectively. We have from
Lemma 1 that
Φ(H1) = Φ(H1 − v2v3)− Φ(H1 − v2 − v3)− 2Φ(H1 − v1 − v2 − v3),
Φ(H2) = Φ(H2 − v1v3)− Φ(H2 − v1 − v3)− 2Φ(H2 − v1 − v2 − v3).
Note that H1−v2v3 ∼= H2−v1v3.We have from Lemma 1 and Eq. (2.22) that for x ≥ max{√s2 + t2 + 1, ρ(H2)} ≥
ρ(U3(3, 0)) ≈ 2.514 >
√
2+ 1,
Φ(H1)− Φ(H2) = Φ(H2 − v1 − v3)+ 2Φ(H2 − v1 − v2 − v3)− Φ(H1 − v2 − v3)
− 2Φ(H1 − v1 − v2 − v3)
= Φ(H2 − v1 − v3)+ 2Φ(H2 − v1 − v2 − v3)− Φ(H1 − v2 − v3 − v1v′1)
+Φ(H1 − v2 − v3 − v1 − v′1)− 2Φ(H1 − v1 − v2 − v3)
= x s1+1(x2 − 1)t1+1Φ(Ts2,t2)+ 2x s1(x2 − 1)t1+1Φ(Ts2,t2)
− x2Φ(Ts1,t1)Φ(Ts2,t2)+ x s1+s2+2(x2 − 1)t1+t2 − 2x s1+2(x2 − 1)t1Φ(Ts2,t2)
= x s1(x2 − 1)t1(x3 − x − 2)Φ(Ts2,t2)− x2Φ(Ts1,t1)Φ(Ts2,t2)+ x s1+s2+2(x2 − 1)t1+t2
= x s1+s2−1(x2 − 1)t1+t2−2[(x4 − (s2 + t2 + 1)x2 + s2)((s1 + t1 − 1)x3
− 2x2 − (s1 − 1)x + 2)+ x3(x2 − 1)2]
≥ x s1+s2−1(x2 − 1)t1+t2−2[(x4 − (s2 + t2 + 1)x2 + s2)(2− 2x2)+ x3(x2 − 1)2]
= x s1+s2−1(x2 − 1)t1+t2−1(x5 − 2x4 − x3 + 2(s2 + t2 + 1)x2 − 2s2)
> 0.
Thus, ρ(H1) < ρ(H2). If H2 6∼= U ′3(n−2µ,µ−2), from Eq. (2.35) and by reasoning similarly as that of Lemma 11,
the result holds; if H2 ∼= U ′3(n− 2µ,µ− 2), then H1 ∼= U ′3(n− 2µ,µ− 3; 1, 0; 1, 0). From Lemma 9 and Eq. (2.35),
the result follows.
Subcase 1.2. If s1 + t1 = 0 (implies s1 = t1 = 0), then H1 ∼= U ′3(1, 0; 1, 0; 1, 0). From Lemma 9 and Eq. (2.35), the
result follows.
Case 2. There exist at least two trees, say T1 and T2, such that T1 6∼= P2 and T2 6∼= P2. From Lemma 5 and Theorem 2,
we only need to prove that
ρ(G) ≤ max{ρ(U3(n − 2µ,µ− 3; 2, 0; 1, 0)), ρ(U3(n − 2µ,µ− 3; 1, 1)),
ρ(U3(n − 2µ− 1, µ− 2; 2, 0)), ρ(U3(n − 2µ,µ− 3; 0, 1; 1, 0)),
ρ(U3(n − 2µ+ 1, µ− 4; 1, 1; 1, 0))}
< ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
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From Lemma 5, it is easy to see that
ρ(U3(n − 2µ,µ− 3; 0, 1; 1, 0)) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1))
and
ρ(U3(n − 2µ,µ− 3; 1, 1)) < ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)).
From (1) of Corollary 7, The proof is complete. 
Theorem 4. Let G be a unicyclic graph on n ≥ 11 vertices with matching number µ ≥ 3. Then
(1) ρ(G) ≤ ρ(U3(n − 2µ+ 1, µ− 2)), with equality if and only if G ∼= U3(n − 2µ+ 1, µ− 2).
(2) If G 6∼= U3(n − 2µ+ 1, µ− 2), then
ρ(G) ≤ ρ(U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0)),
with equality if and only if G ∼= U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0).
(3) If G 6∼= U3(n − 2µ+ 1, µ− 2) and U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0), then
ρ(G) ≤ ρ(U3(n − 2µ,µ− 2; 1, 0)),
with equality if and only if G ∼= U3(n − 2µ,µ− 2; 1, 0).
(4) If G 6∼= U3(n − 2µ+ 1, µ− 2), U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0), U3(n − 2µ,µ− 2; 1, 0) and n ≥ 29, then
ρ(G) ≤ ρ(U ′3(n − 2µ,µ− 2)),
with equality if and only if G ∼= U ′3(n − 2µ,µ− 2).
(5) In particular, if µ = 3, G 6∼= U3(n − 2µ+ 1, µ− 2), U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0), U3(n − 2µ,µ− 2; 1, 0)
and n ≥ 15, then
ρ(G) ≤ ρ(U ′3(n − 2µ,µ− 2)),
with equality if and only if G ∼= U ′3(n − 2µ,µ− 2).
(6) If G 6∼= U3(n − 2µ+ 1, µ− 2), U3(n − 2µ+ 1, µ− 3; 1, 0; 1, 0), U3(n − 2µ,µ− 2; 1, 0), U ′3(n − 2µ,µ− 2)
and U3(0, µ− 1), then
ρ(G) ≤ ρ(U3(n − 2µ+ 1, µ− 3; 0, 1)),
with equality if and only if G ∼= U3(n − 2µ+ 1, µ− 3; 0, 1).
Proof. From Corollaries 7 and 8, Lemmas 8 and 11–13, the result follows. 
Corollary 9. The first four unicyclic graphs (on n ≥ 16 vertices and with perfect matchings) with larger spectral
radii are as follows:
U3(1, µ− 2),U3(1, µ− 3; 1, 0; 1, 0),U3(0, µ− 2; 1, 0),U3(1, µ− 3; 0, 1).
Let U∗n−4 be the unicyclic graph on n vertices obtained from C3 and K1,n−3 by identifying a vertex of C3 and a
pendant vertex of K1,n−3.
Let [x] denote the largest integer no more than x . In particular, we have:
Theorem 5. Let G be a unicyclic graph on n ≥ 11 vertices with matching number µ = 2. We have
(1) ρ(G) ≤ ρ(U3(n − 3, 0)), with equality if and only if G ∼= U3(n − 3, 0).
(2) If G 6∼= U3(n − 3, 0), then ρ(G) ≤ ρ(U3(n − 4, 0; 1, 0)), with equality if and only if G ∼= U3(n − 4, 0; 1, 0).
(3) If n ≥ 13 and G 6∼= U3(n − 3, 0) and U3(n − 4, 0; 1, 0), then ρ(G) ≤ ρ(U4(n − 4, 0)), with equality if and only
if G ∼= U4(n − 4, 0).
(4) If G 6∼= U3(n− 3, 0), U3(n− 4, 0; 1, 0) and U4(n− 4, 0), then ρ(G) ≤ ρ(U3(n− 5, 0; 2, 0)), with equality if and
only if G ∼= U3(n − 5, 0; 2, 0).
(5) If n ≥ 16 and G 6∼= U3(n − 3, 0), U3(n − 4, 0; 1, 0), U4(n − 4, 0) and U3(n − 5, 0; 2, 0), then ρ(G) ≤
ρ(U4(n − 5, 0; 0, 0; 1, 0)), with equality if and only if G ∼= U4(n − 5, 0; 0, 0; 1, 0).
J.-M. Guo / Discrete Mathematics 308 (2008) 6115–6131 6129
(6) If n ≥ 18 and G 6∼= U3(n− 3, 0), U3(n− 4, 0; 1, 0), U4(n− 4, 0), U3(n− 5, 0; 2, 0) and U4(n− 5, 0; 0, 0; 1, 0),
then ρ(G) ≤ ρ(U∗n−4), with equality if and only if G ∼= U∗n−4.
Proof. Since G is a unicyclic graph with matching number µ = 2, we conclude that G must be one of the graphs:
U3(s, 0; n − s − 3, 0) for some s (0 ≤ s ≤ n − 3);U∗n−4 and U4(s, 0; 0, 0; n − s − 4, 0) for some s (0 ≤ s ≤ n − 4).
From Corollary 5, we have
ρ(U3(s + 1, 0; n − s − 4, 0)) < ρ(U3(s, 0; n − s − 3, 0)),
for 0 ≤ s ≤ [ n−32 ] − 1.
ρ(U4(s + 1, 0; 0, 0; n − s − 5, 0)) < ρ(U4(s, 0; 0, 0; n − s − 4, 0)),
for 0 ≤ s ≤ [ n−42 ] − 1.
In the following, we only need to prove that
ρ(U3(n − 4, 0; 1, 0)) > ρ(U4(n − 4, 0)) > ρ(U3(n − 5, 0; 2, 0))
> ρ(U4(n − 5, 0; 1, 0)) > ρ(U∗n−4)
> max{ρ(U3(n − 6, 0; 3, 0)), ρ(U4(n − 6, 0; 0, 0; 2, 0))}.
Consider the characteristic polynomials Φ(U3(s, 0; n − s − 3, 0)),Φ(U∗n−4) and Φ(U4(s, 0; 0, 0; n − s − 4, 0)) of
the graphs U3(s, 0; n − s − 3, 0),U∗n−4, and U4(s, 0; 0, 0; n − s − 4, 0), respectively.
We have from Lemma 2 that
Φ(U∗n−4) = xn−5[(x3 − 3x − 2)(x2 − n + 4)− x3 + x]. (2.36)
Φ(U4(s, 0; 0, 0; n − s − 4, 0)) = xn−4[x4 − nx2 + sn − s2 − 4s + 2n − 8]. (2.37)
From Eqs. (2.13) and (2.36),
Φ(U∗n−4)− Φ(U3(s, 0; n − s − 3, 0)) = xn−5(2nx + s2x + 3sx + 2n − snx − 8x − 8)
= xn−5gs(x).
If s = 3, then g3(x) = 2n + 10x − nx − 8. Since g′3(x) = 10 − n < 0 (n ≥ 11), we have that g3(x) is a strictly
monotone decreasing function on x as n ≥ 11.
And since
g3(
√
n − 4) = 2n + 10√n − 4− n√n − 4− 8
= 2(n − 4)+ (10− n)√n − 4
= √n − 4(2√n − 4+ 10− n) < 0 (n ≥ 18).
We have g3(x) < 0 for n ≥ 18 and x ≥ ρ(U3(s, 0; n − s − 3, 0)) ≥
√
n − 4.
Thus, we have
ρ(U∗n−4) > ρ(U3(n − 6, 0; 3, 0)), for n ≥ 18.
From Corollary 2, we have
ρ(U3(s, 0; n − s − 3, 0)) > ρ(U4(s − 1, 0; 0, 0; n − s − 3, 0)).
In particular, we have
ρ(U3(n − 4, 0; 1, 0)) > ρ(U4(n − 4, 0)),
ρ(U3(n − 5, 0; 2, 0)) > ρ(U4(n − 5, 0; 0, 0; 1, 0)),
and
ρ(U3(n − 6, 0; 3, 0)) > ρ(U4(n − 6, 0; 0, 0; 2, 0)).
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From Eqs. (2.13) and (2.37), we have for x <
√
n + 1,
Φ(U3(n − 5, 0; 2, 0))− Φ(U4(n − 4, 0)) = xn−4(x2 − 3)(x2 − n + 5)− xn−4(x2 − 2)− xn−2 − 2xn−3
− xn−2(x2 − n + 2)+ 2xn−4(x2 − n + 3)+ 2xn−4
= xn−4(n − 5− 2x) > 0, (n ≥ 13).
Thus, we have for n ≥ 13,
ρ(U3(n − 5, 0; 2, 0)) < ρ(U4(n − 4, 0)).
From Eqs. (2.36) and (2.37), we have for x <
√
n + 1,
Φ(U∗n−4)− Φ(U4(n − 5, 0; 0, 0; 1, 0)) = xn−5(x3 − 3x − 2)(x2 − n + 4)− xn−4(x2 − 1)− xn−2
× (x2 − n + 3)+ xn−4(x2 − n + 3)+ 2xn−4(x2 − n + 4)+ 2xn−4
= 2xn−5(n − x2 + x − 4) > 0, (n ≥ 24).
Thus, we have ρ(U∗n−4) < ρ(U4(n − 5, 0; 0, 0; 1, 0)) for n ≥ 24. For 16 ≤ n ≤ 23, by “Matlab”, it is easy to
verify that ρ(U∗n−4) < ρ(U4(n − 5, 0; 0, 0; 1, 0)). The proof is complete. 
By the above results, we can order the unicyclic graphs by their spectral radii.
Theorem 6. For n ≥ 17, the first ten unicyclic graphs with larger spectral radii are as follows:
U3(n − 3, 0), U3(n − 4, 0; 1, 0), U3(n − 5, 1), U4(n − 4, 0), U3(n − 5, 0; 2, 0), U3(n − 5, 0; 1, 0; 1, 0),
U3(n − 6, 1; 1, 0), U ′(n − 6, 1), U3(n − 7, 2), U3(n − 5, 0; 0, 1).
Proof. From Theorem 5, the first five unicyclic graphs on n ≥ 16 vertices and matching number µ = 2 with larger
spectral radii are as follows: U3(n− 3, 0),U3(n− 4, 0; 1, 0),U4(n− 4, 0),U3(n− 5, 0; 2, 0),U3(n− 5, 0; 0, 0; 1, 0).
From Theorem 4, the first five unicyclic graphs on n ≥ 15 vertices and matching number µ = 3 with larger spectral
radii are as follows:
U3(n − 5, 1),U3(n − 5, 0; 1, 0; 1, 0),U4(n − 6, 1; 1, 0),U ′3(n − 6, 1),U3(n − 5, 0; 0, 1).
Also from Theorem 4, the first two unicyclic graphs on n ≥ 11 vertices and matching number µ = 4 with larger
spectral radii are as follows:
U3(n − 7, 2) and U3(n − 7, 1; 1, 0; 1, 0).
Furthermore from Theorem 4 and Corollary 2, if G is a unicyclic graph on n ≥ 11 vertices and matching number
µ ≥ 5, then
ρ(G) ≤ ρ(U3(n − 9, 3)),
with equality if and only if G ∼= U3(n − 9, 3).
From the above discussion, we only need to prove that for n ≥ 17,
ρ(U3(n − 4, 0; 1, 0)) > ρ(U3(n − 5, 1)) > ρ(U4(n − 4, 0)),
ρ(U3(n − 5, 0; 2, 0)) > ρ(U3(n − 5, 0; 1, 0; 1, 0)),
ρ(U ′(n − 6, 1)) > ρ(U3(n − 7, 2)) > ρ(U3(n − 5, 0; 0, 1))
> max{ρ(U4(n − 5, 0; 0, 0; 1, 0)), ρ(U3(n − 7, 1; 1, 0; 1, 0)), ρ(U3(n − 9, 3))}.
From Eqs. (2.4) and (2.13); (2.4) and (2.37); (2.5) and (2.13); (2.4) and (2.17); (2.5) and (2.7); (2.4) and (2.7), and
Theorem 1, respectively, it is easy to show that for n ≥ 17,
ρ(U3(n − 4, 0; 1, 0)) > ρ(U3(n − 5, 1)) > ρ(U4(n − 4, 0)), ‘
ρ(U3(n − 5, 0; 2, 0)) > ρ(U3(n − 5, 0; 1, 0; 1, 0)),
ρ(U ′3(n − 6, 1)) > ρ(U3(n − 7, 2)),
ρ(U3(n − 5, 0; 0, 1)) > max{ρ(U3(n − 7, 1; 1, 0; 1, 0)), ρU3(U3(n − 9, 3)), ρ(U4(n − 5, 0; 0, 0; 1, 0))}.
In the following, we prove that
ρ(U3(n − 7, 2)) > ρ(U3(n − 5, 0; 0, 1)).
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From Eqs. (2.4) and (2.7), we have for
√
n − 3 ≤ x ≤ √n + 1,
Φ(U3(n − 5, 0; 0, 1))− Φ(U3(n − 7, 2)) = xn−8[(2n − 11)x2 − x4 − 2x3 + 2x − n + 7]
≥ xn−8[(n − 11)x2 − 2x3 + 2x − n + 7]
= xn−8[(n − 11− 2x)x2 + 2x − n + 7].
Note that for n ≥ 21,
n − 11− 2x ≥ n − 11− 2√n + 1 > 0.
So, we have for n ≥ 21 and 4 < √n − 3 ≤ x ≤ √n + 1,
Φ(U3(n − 5, 0; 0, 1))− Φ(U3(n − 7, 2)) ≥ xn−8[16(n − 11− 2x)+ 2x − n + 7]
= xn−8(15n − 30x − 169)
≥ xn−8(15n − 30√n + 1− 169)
> 0.
Thus, we have
ρ(U3(n − 7, 2)) > ρ(U3(n − 5, 0; 0, 1)) (n ≥ 21).
If 17 ≤ n ≤ 20, by “Matlab”, it is easy to verify that
ρ(U3(n − 7, 2)) > ρ(U3(n − 5, 0; 0, 1)).
The proof is complete. 
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